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Abstract. Following the approaches and motivations given in recent
works about constructive interpretation of description logics, we intro-
duce the constructive description logic KALC. This logic is based on a
Kripke-style semantics inspired by the Kripke semantics for Intuitionis-
tic first order logic. In the paper we present the main features of our
semantics and we study its relations with other approaches. Moreover,
we present a tableau calculus which turns out to be sound and complete
for KALC.

1 Introduction

In Computer Science it often happens that the introduction of a classically based
logical system is followed by an analysis of its constructive or intuitionistic coun-
terparts. Indeed, if the applicability of a logical system is often driven from its
classical semantics, a constructive analysis allows us to take advantage of the
computational properties of its formulas and proofs. In line with this consid-
eration, one of the reasons for the success of description logics as a knowledge
representation formalism is surely their simple classically-based semantics and
only in recent works [3, 5, 6, 9, 11, 12] different proposals of a constructive rein-
terpretation of description logics have been motivated.

Following this line, we discuss a Kripke-style semantics for the basic descrip-
tion logic ALC [2, 13] inspired by the Kripke semantics for Intuitionistic first
order logic [14]. We call KALC the logic corresponding to our semantics. Basi-
cally, we may think of a Kripke model as a set of worlds, representing states of
knowledge, partially ordered by their information content. Our semantics differs
from the similar semantics described in [5] by the fact that we impose a condi-
tion on the partial order. In particular, we require that every world is followed
by a classical world, that is a world where concepts are interpreted according
to the usual classical semantics for the description logic ALC. As we discuss in
Section 3, such a condition seems to be essential to get the finite model property,
useful to define a decidable calculus for the logic. An important feature of our
semantics is that such a condition can be characterized by the axiom-schema
∀R.¬¬A→¬¬∀R.A. This schema is obtained by translating in the description
logics setting the Kuroda principle for first order logic, a principle which has
been deeply studied in the literature of constructive logics [7, 14].



In the paper we also present a tableau calculus which is sound and complete
with respect to our semantics. This calculus forms the base of our attempt to
prove the finite model property for KALC. Moreover, it allows us to directly
compare to classical tableaux based algorithms that represent the main reasoning
method of actual description logics implementations. In this paper we use the
tableau calculus to prove that KALC meets the disjunction property, that is, if
A tB belongs to KALC, then either A or B belongs to KALC.

The rest of the paper is organized as follows. In Section 2, we introduce the
syntax and the classical semantics for ALC. In Section 3 we present the construc-
tive semantics of KALC and we describe the relations between our semantics, the
classical semantics for ALC and the constructive semantics described in [5, 11,
12]. In Section 4, we present sound and complete tableau calculus T for KALC.
Finally, conclusions are drawn in Section 5.

2 Syntax and classical semantics

We begin by introducing the language of the basic description logic ALC [2, 13]
and its classical semantics. The language L of ALC is based on the following
denumerable sets: the set NR of role names, the set NC of concept names, the set
NI of individual names. A concept A is an expression of the kind:

A ::= C | ¬A | A uA | A tA | A→A | ∃R.A | ∀R.A

where C ∈ NC and R ∈ NR. Let Var be a denumerable set of individual variables;
the formulas of L are defined according to the following grammar:

H ::= ⊥ | (s, t) : R | t : A | A

where s, t ∈ NI∪ Var, R ∈ NR and A is a concept. We write H ∈ L to mean that
H is a formula of L. An atomic formula of L is a formula of the kind ⊥, (s, t) : R
or t : C, where R ∈ NR and C ∈ NC. A negated formula is a formula of the kind
t : ¬A. A formula is closed if it does not contain variables. A concept formula is
a formula of the kind t : A or A, with A a concept. A role formula is a formula
of the kind (t, s) : R with R ∈ NR.

We remark that in the classical setting A→B is equivalent to ¬A t B, but
this equivalence does not hold in the constructive setting. We define the concept
inclusion relation (subsumption) A v B as A→B.

As usual, a knowledge base in ALC consists of a TBox and an ABox. A TBox
is a finite set of terminological axioms in the form C v D or C ≡ D, where C,D
are concepts and C ≡ D is an abbreviation for C v D and D v C. An ABox is
a finite set of closed concept and role assertions, of the kind t : C or (t, s) : R,
where R ∈ NR and t, s ∈ NI.

A model (interpretation) M for L is a pair (DM, ·M), where DM is a non-
empty set (the domain of M) and ·M is a valuation map such that: for every
c ∈ NI, cM ∈ DM; for every C ∈ NC, CM ⊆ DM; for every R ∈ NR, RM ⊆
DM × DM. A non atomic concept A is interpreted by a subset AM of DM as
follows:
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– (¬A)M = DM \AM

– (A uB)M = AM ∩BM

– (A tB)M = AM ∪BM

– (A→B)M = { d ∈ DM | d /∈ AM or d ∈ BM }
– (∃R.A)M = { d ∈ DM | ∃d′ ∈ DM s.t. (d, d′) ∈ RM and d′ ∈ AM }
– (∀R.A)M = { d ∈ DM | ∀d′ ∈ DM, (d, d′) ∈ RM implies d′ ∈ AM }

An assignment on a model M is a map θ : Var → DM. If t ∈ NI ∪ Var, tM,θ

is the element of DM denoting t in M w.r.t. θ, namely: tM,θ = θ(t) if t ∈ Var,
tM,θ = tM if t ∈ NI. A formula H is valid in M w.r.t. θ, and we write M, θ |= H,
if H 6= ⊥ and one of the following conditions holds:

– M, θ |= t : A iff tM,θ ∈ AM;
– M, θ |= (s, t) : R iff (sM,θ, tM,θ) ∈ RM;
– M, θ |= A iff AM = DM.

We write M |= H iff M, θ |= H for every assignment θ. Note that, given a
concept A of L, M |= A iff M |= x : A, with x any variable. If Γ is a set of
formulas, M |= Γ means that M |= H for every H ∈ Γ . We say that H is a
logical consequence of Γ , and we write Γ |= H, iff, for every M and every θ,
M, θ |= Γ implies M, θ |= H.

3 Kripke semantics

In this section we introduce a Kripke-style semantics for ALC inspired by the
Kripke semantics for Intuitionistic first order logic. A similar semantics for de-
scription logics has already been proposed in [5]: however, our semantics differs
from this one by the fact that we additionally impose a condition on the partial
order. As we discuss at the end of this section, such a condition seems to be
essential to get the finite model property.

Given a partially ordered set (poset) (P,≤), we call final an element φ ∈ P
such that, for every α ∈ P , φ ≤ α implies φ = α. Given α ∈ P , we denote with
Fin(α) the set of final elements φ ∈ P such that α ≤ φ. We call K-poset every
poset (P,≤) such that, for every α ∈ P , Fin(α) 6= ∅. We remark that every finite
poset is a K-poset. A KALC-model is a quadruple K = 〈P,≤, ρ, ι〉, where:

– (P,≤) is a K-poset with root ρ;
– ι is a function associating with every α ∈ P a model ι(α) = (Dα, ·α) for L,

such that, for every α, β ∈ P with α ≤ β:
(K1) Dα ⊆ Dβ ;
(K2) for every c ∈ NI, cα = cβ ;
(K3) for every C ∈ NC, Cα ⊆ Cβ ;
(K4) for every R ∈ NR, Rα ⊆ Rβ .

Conditions (K1)–(K4) state that the information content of any element β ac-
cessible from α is wider than the information content of α. Indeed, (K1) says
that any element known at α is also known at β. (K2)–(K4) state that every
fact known at α is also known at β.
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Given K = 〈P,≤, ρ, ι〉 and α ∈ P , we denote with Lα the language obtained
by adding to L the elements ofDα as individual names. We assume that, for every
d ∈ Dα, dα = d. The introduction of a language for every α ∈ P is a technical
machinery needed to treat the interpretation of quantifiers. By Condition (K1),
α ≤ β and H ∈ Lα imply H ∈ Lβ .

Given K = 〈P,≤, ρ, ι〉, α ∈ P and a closed formula H of Lα, we inductively
define the forcing relation α‖−−H as follows:

– α‖−/−⊥;
– α‖−−t : A where A ∈ NC, iff tα ∈ Aα;
– α‖−−(s, t) : R where R ∈ NR, iff (tα, sα) ∈ Rα;
– α‖−−t : A uB iff α‖−−t : A and α‖−−t : B;
– α‖−−t : A tB iff either α‖−−t : A or α‖−−t : B;
– α‖−−t : A→ B iff, for every β ∈ P such that α ≤ β, either β‖−/−t : A or

β‖−−t : B;
– α‖−−t : ¬A iff, for every β ∈ P such that α ≤ β, β‖−/−t : A;
– α‖−−t : ∃R.A iff there exists d ∈ Dα such that α‖−−(t, d) : R and α‖−−d : A;
– α‖−−t : ∀R.A iff, for every β ∈ P such that α ≤ β and for every d ∈ Dβ ,

β‖−−(t, d) : R implies β‖−−d : A.
– α‖−−A iff for every β ∈ P such that α ≤ β and for every d ∈ Dβ , β‖−−d : A.

By the above definition, it is easy to check that t : ¬A is equivalent to t : A→⊥
and hence we could avoid to assume ¬ as a primitive connective.

It is easy to prove, using Conditions (K1)–(K4) and the definition of the
forcing relation, the following property:

Proposition 1 (Monotonicity property). Let K = 〈P,≤, ρ, ι〉 be a KALC-
model, α ∈ P and H be a closed formula of Lα. If α‖−−H in K, then β‖−−H in
K for every β ∈ P such that α ≤ β. ut

Given a KALC-model K = 〈P,≤, ρ, ι〉 and α ∈ P , an α-substitution is a func-
tion σ : Var → NI ∪ Dα. By Condition (K1), we immediately have that an
α-substitution is also a β-substitution for every β ∈ P such that α ≤ β. Given a
formula H, we denote with Hσ the formula obtained by simultaneously substi-
tuting every occurrence of a variable x in H with σ(x). Given a set of formulas
Γ , we denote with Γσ the set containing Hσ for every H ∈ Γ . If σ is an α-
substitution and d ∈ Dα, σ[d/x] is the α-substitution defined as follows:

σ[d/x](y) =
{

d, if y = x
σ(y), otherwise

Given a KALC-model K = 〈P,≤, ρ, ι〉, α ∈ P and an open formula H of Lα,
α‖−−H iff, for every β ∈ P such that α ≤ β and for every β-substitution σ,
β‖−−Kσ. Given a formula H ∈ L and a KALC-model K = 〈P,≤, ρ, ι〉 for L, we
write K‖−−H (H is valid in K) if, for every α ∈ P and every α-substitution σ,
α‖−−Hσ in K. It is easy to check that, given an open formula x : A, K‖−−x : A iff
K‖−−A. Given a set of formulas Γ ⊆ L and H ∈ L, H is a K-logical consequence
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Dα2 = {a, b0, b1, b2} α2

Dα1 = {a, b0, b1} α1

Dα0 = {a, b0} α0

{(a, b0), (a, b1), (a, b2)} ⊆ rα2 , {b0, b1} ⊆ Cα2

{(a, b0), (a, b1)} ⊆ rα1 , b0 ∈ Cα1

(a, b0) ∈ rα0

Fig. 1. A counter-model for Kur.

of Γ , denoted Γ |=k H, iff for every KALC-model K = 〈P,≤, ρ, ι〉 for L, for every
α ∈ P and every α-substitution σ, α‖−−Γσ implies α‖−−Hσ. A formula H is
KALC-valid iff ∅|=k H. The logic KALC is the set of KALC-valid formulas.

The latter definitions allow us to draw some considerations about our se-
mantics and its relations with classical semantics for ALC and the constructive
semantics described in [5, 11, 12]. First of all, given a classical model M for L,
let us consider the KALC-model KM = 〈{ρ}, {(ρ, ρ)}, ρ, ι〉, where ι(ρ) = M. It
is easy to check that KM is equivalent to M in the following sense: for every
closed formula H ∈ L, M |= H iff ρ‖−−H in K. Hence, if H does not hold in
a classical model M, KM is a counter-model for H. Thus, if we identify ALC
with the set of formulas valid in every classical model, we immediately get that
KALC ⊆ ALC.

On the other hand, the final elements of a KALC-model essentially coincide
with classical interpretations. Indeed, given a KALC-model K = 〈P,≤, ρ, ι〉 and
a final element φ ∈ P , let Mφ = ι(φ). It is easy to check that, for every closed
formula H of Lφ, Mφ |= H iff φ‖−−H in K. This implies that a formula H is
satisfiable in KALC iff it is classically satisfiable.

Now, let us consider the Kripke structure K = 〈{αi}i∈ω,≤, α0, ι〉 of Figure 1
where:

– αi ≤ αj iff i ≤ j;
– For every αi:

• Dαi = {a, b0, . . . , bi};
• rαi = {(a, b0), . . . , (a, bi)};
• Cα0 = ∅ and Cαi = {b0, . . . , bi−1} for i > 0.

We note that K is not a KALC-model: indeed, Fin(α0) = ∅ and hence its poset is
not a K-poset. On the other hand K satisfies Conditions (K1)–(K4) and belongs
to the class of models obtainable by directly adapting the Kripke semantics
for Intuitionistic first order logic to description logics. It is easy to check that
α0‖−/−a : ∀r.¬¬C → ¬¬∀r.C in K.
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Now, let us consider the axiom-schema1:

(Kur) ∀R.¬¬A → ¬¬∀R.A

It is easy to prove the following result:

Theorem 1. Let K be any instance of the axiom schema Kur in L and let
K = 〈P,≤, ρ, ι〉 be a KALC-model for L, then ρ‖−−K. ut

By the above theorem we immediately get that every instance of Kur is KALC-
valid. On the other hand, let us consider the logic I consisting of the formulas
valid over Kripke models with arbitrary posets. Since the model of Figure 1 is
a counter-model for Kur, this principle is not valid in I and, since it is valid in
every finite Kripke model, I fails to have the finite model property. We remark
that, by now, we have not proved that KALC has the finite model property:
however we conjecture that this holds.

According with the above considerations, we think that the Kripke-style se-
mantics for description logics obtained by directly translating the Kripke seman-
tics for Intuitionistic first order logic as described in [5] is not adequate in the
description logic context.

Now, let us consider the logic CALCc of [11, 12]. This logic is based on a se-
mantics directly inspired by the Kripke style semantics for Intuitionistic modal
logics. It is not easy to compare CALCc directly with KALC, since the for-
mer also addresses paraconsistency issues by defining a paraconsistent negation.
Moreover, as the Kur principle is related to the notion of consistency, it is not
clear how to transpose it in the paraconsistent context of CALCc.

To conclude this section, we remark that the Kur axiom schema corresponds
to the first order principle ∀x.¬¬H(x) → ¬¬∀x.H(x). This principle is known
in the literature of constructive logics as Kuroda principle [7, 14]. Adding this
schema to Intuitionistic first order logic Int, we get a proper extension of Int,
that satisfies the disjunction property (if A ∨ B is provable either A or B is
provable) and the explicit definability property (if ∃x.A(x) is provable then also
A(t) is provable for some term t). An important property of this logic is that a
theory T is classically consistent iff it is consistent w.r.t. Kuroda Logic.

4 Tableau calculus for KALC

In this section we introduce the tableau calculus T for KALC. The calculus works
on signed formulas, namely expressions of the kind TH, FH or FcH where H is
a closed formula of L. The semantics of formulas extends to signed formulas as
follows. Given a KALC-model K = 〈P,≤, ρ, ι〉 for L, α ∈ P and a signed formula
W of Lα, α realizes W in K, and we write K,α � W , iff one of the following
conditions hold:
1 Saying that Kur is an axiom schema, we mean that R and A are meta-variables

ranging over role names and concepts respectively. An instance of the axiom schema
in L is obtained by replacing R with a role name of L and A with concept of L.
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– W = TH and α‖−−H in K;
– W = FH and α‖−/−H in K;
– W = FcH and for every β ∈ P such that α ≤ β, β‖−/−H in K.

We remark that, for a concept formula H, we have K,α�FcH iff α‖−−¬H in K.
By the monotonicity property, we get that T-signed and Fc-signed formulas are
persistent : namely, if α, β ∈ P and α ≤ β, then K,α�TA implies K,β�TA, and
K,α � FcA implies K,β � FcA. Given a set of signed formulas S, its persistent
part Sp consists of the persistent signed formulas of S, formally:

Sp = {TH | TH ∈ S} ∪ {FcH | FcH ∈ S}

The tableau calculus T consists of the rules in Figures 2 and 3. In the rules we
use the notation S, H, with S a set of signed formulas and H a signed formula,
to denote the set S ∪ {H}, where we assume that H 6∈ S. We remark that the
rules F-concept, T∃, F∀ and Fc∀ (marked with *) introduce in the conclusion
a parameter p ∈ NI which must be new. That is, applying a rule, we instantiate
p with an individual name not occurring in the premise of the rule. We also
notice that some of the rules, e.g. F→and F∀, restrict the set S occurring in the
premise to its persistent part Sp. The rule At can be applied when the premise
S only contains F-signed formulas.

A proof table for a finite set of signed formulas S is a tree τ such that:

– the root of τ is S;
– given a node S′ of τ , the successors S′1,. . . , S′n of S′ in τ are the consequences

of an instance of a rule having S′ as premise.

A set S of signed formulas is contradictory if either T⊥ ∈ S, {TH,FH} ⊆ S,
or {TH,FcH} ⊆ S for some formula H. Clearly, contradictory sets are not
realizable. When all the leaves of a proof table τ are contradictory, we say that
τ is closed. A formula H is provable in T iff there exists a closed proof table for
{FH}.

We remark that the calculus T is essentially inspired by the calculus for
Kuroda logic of [10] and by the tableau calculi for Intuitionistic logic [1, 8], with
an efficient treatment of duplications. In particular the rules of Figure 3 are
related to the treatment of T-signed implications avoiding duplications on the
purely propositional part of the logic. This treatment of implication is a key point
in the development of an “efficient” decision procedure for the logic. Finally, we
remark that the rule At could be reformulated without the side condition without
affecting the soundness and completeness of the calculus. However the restricted
rule is better if we are interested in an efficient proof search strategy since it
reduces the non-determinism of the calculus.

It can be proved that the calculus T is sound and complete w.r.t. KALC
semantics: the proof can be developed in a way similar to the one of [10] for
Kuroda Logic.

Theorem 2 (Completeness). Let Γ be a finite set of closed formulas of L
and let H be a closed formula of L. Γ |=k H iff there exists a closed proof table
for {TA | A ∈ Γ} ∪ {FH}. ut
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S,T(A)

S,T(t : A),T(A)
T-concept

S,F(A)

S,F(p : A)
F-concept

∗ S

Sp

At

if the only F-signed
formulas of S are
atomic.

S,T(t : A uB)

S,T(t : A),T(t : B)
Tu

S,F(t : A uB)

S,F(t : A) | S,F(t : B)
Fu

S,Fc(t : A uB)

Sp,Fc(t : A) | Sp,Fc(t : B)
Fcu

S,T(t : A tB)

S,T(t : A) | S,T(t : B)
Tt

S,F(t : A tB)

S,F(t : A),F(t : B)
Ft

S,Fc(t : A tB)

S,Fc(t : A),Fc(t : B)
Fct

See Figure 3
S,F(t : A→B)

Sp,T(t : A),F(t : B)
F→

S,Fc(t : A→B)

Sp,T(t : A),Fc(t : B)
Fc→

S,T(t : ¬A)

S,Fc(t : A)
T¬

S,F(t : ¬A)

Sp,T(t : A)
F¬

S,Fc(t : ¬A)

Sp,T(t : A)
Fc¬

S,T(t : ∃R.A)

S,T((t, p) : R),T(p : A)
T∃∗

S,F(t : ∃R.A),T((t, s) : R)

S,T((t, s) : R),F(s : A)
F∃

S,Fc(t : ∃R.A),T((t, s) : R)

S,T((t, s) : R),Fc(s : A),Fc(t : ∃R.A)
Fc∃

S,T(t : ∀R.A),T((t, s) : R)

S,T((t, s) : R),T(s : A),T(t : ∀R.A)
T∀

S,F(t : ∀R.A)

Sp,T((t, p) : R),F(p : A)
F∀∗

S,Fc(t : ∀R.A)

Sp,T((t, p) : R),Fc(p : A)
Fc∀

∗

Fig. 2. The rules of calculus T

The classical problems on description logics can be restated in T as follows:

– Concept validity
Given a concept A and a TBox Γ , determine if Γ |=k A. This holds iff there
exists a closed proof table for {T(K) | K ∈ Γ} ∪ {F(A)}.

– Subsumption
Given a TBox Γ , determine if Γ |=k A v B holds. This holds iff there exists a
closed proof table for {T(K) | K ∈ Γ} ∪ {F(A→B)}.

– Instance checking
Given a knowledge base Γ and an ABox assertion H, check if Γ |=k H. This
holds iff there exists a closed proof table for {T(K) | K ∈ Γ} ∪ {F(H)}.

As for the problem of concept satisfiability, that is the problem to determine if
there exists a KALC-model for a concept A given a TBox Γ , by the considera-
tions made at the end of the previous section, it can be reduced to the analogous
problem for ALC.
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Sp,T(t : A→B)

Sp,Fc(t : A) | Sp,T(t : B)
T→certain

S,T(t : A→B)

S,F(t : A) | S,T(t : B)
T→At if A is atomic or negated

S,T(t : (A uB)→C)

S,T(t : A→(B→C))
T→u

S,T(t : (A tB)→C)

S,T(t : A→C),T(t : B→C)
T→t

S,T(t : (A→B)→C)

S,F(t : A→B),T(t : B→C) | S,T(t : C)
T→→

S,T(t : ∃R.A→B),T((t, s) : R)

S,T(s : A),T(t : B),T((t, s) : R) | S,T((t, s) : R),F(s : A),T(t : ∃R.A→B)
T→∃

S,T(t : ∀R.A→B)

S,F(t : ∀R.A),T(t : ∀R.A→B) | S,T(t : B)
T→∀

Fig. 3. Rules for T→

Example 1. We consider the following knowledge base describing associations
between food and wines, inspired by the classical example of [4]. The TBox Tw

introduces the basic properties of food and wines:

(Ax1) FOOD v ∃goesWith.COLOR
(Ax2) COLOR v ∃isColorOf.WINE

Ax1, which is equivalent to FOOD→ ∃goesWith.COLOR, expresses the fact that
every food has associated a correct wine color and Ax2, equivalent to COLOR→
∃isColorOf.WINE, expresses the fact that there exists at least one wine for each
wine color. The ABox Aw specifies the following instances and associations:

barolo:WINE fish:FOOD red:COLOR
chardonnay:WINE meat:FOOD white:COLOR

(red,barolo):isColorOf (fish,white):goesWith
(white,chardonnay):isColorOf (meat,red):goesWith

Now, let Tw = {TH | H ∈ Tw} and Aw = {TH | H ∈ Aw}. Figure 4 provides
an example of instance checking for the formula:

meat : FOOD→∃goesWith.(COLOR u ∃isColorOf.WINE)
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Tw, Aw,F(meat:FOOD→∃goesWith.(COLOR u ∃isColorOf.WINE))
T-concept (T(Ax1),T(Ax2))

Tw, Aw, W1 ≡ T(meat:FOOD→∃goesWith.COLOR),
W2 ≡ T(red:COLOR→∃isColorOf.WINE),
F(meat:FOOD→∃goesWith.(COLOR u ∃isColorOf.WINE))

F→
Tw, Aw, W1, W2,T(meat:FOOD),
W3 ≡ F(meat:∃goesWith.(COLOR u ∃isColorOf.WINE))

T→An(W1)

Tw, Aw, W2,T(meat:FOOD), W3

F(meat:FOOD)

˛̨̨̨
˛ Tw, Aw, W2,T(meat:FOOD), W3

T(meat:∃goesWith.COLOR)
F∃(W3)

X

˛̨̨̨
Tw, Aw, W2,T(meat:FOOD),T(meat:∃goesWith.COLOR),
T((meat,red):goesWith),F(red:COLOR u ∃isColorOf.WINE)

Fu

X

˛̨̨̨
˛̨̨̨ Tw, Aw, W2,T(meat:FOOD),
T(meat:∃goesWith.COLOR),
T((meat,red):goesWith),
F(red:COLOR)

˛̨̨̨
˛̨̨̨ Tw, Aw, W2,T(meat:FOOD),
T(meat:∃goesWith.COLOR),
T((meat,red):goesWith),
F(red:∃isColorOf.WINE)

T→An(W2)

X | X

˛̨̨̨
˛̨̨̨
˛̨
Tw, Aw,T(meat:FOOD),
T(meat:∃goesWith.COLOR),
T((meat,red):goesWith)
F(red:∃isColorOf.WINE),
F(red:COLOR)

˛̨̨̨
˛̨̨̨
˛̨
Tw, Aw, Ax2,T(meat:FOOD),
T(meat:∃goesWith.COLOR),
T((meat,red):goesWith)
F(red:∃isColorOf.WINE),
T(red:∃isColorOf.WINE)

Fig. 4.

Another example is provided by the closed proof table of Figure 5. This proof
table proves the subsumption problem for:

FOOD v ∃goesWith.(COLOR u ∃isColorOf.WINE)

We remark that, for the sake of conciseness, in the first line of the proof in
Figure 4 we simultaneously apply the rules T-concept to T(Ax1) and T(Ax2).
In the proofs, we specify with r(H) the fact that a rule r is applied to the signed
formula H whenever this is not obvious from the context. We denote with X
the closed branches of the proof and we underline the signed formulas causing
clashes. 3

As shown in Figure 6, our calculus allows to exhibit a proof of general instances of
the Kuroda principle. We remark that the application of the Fc∀ rule is essential
in order to get a closed proof table. In fact, the Fc∀ rule directly corresponds to
the condition on the final states. That is, without the condition on the partial
order, this rule would not be sound, whereas this would be the case for its
intuitionistic counterpart:

S,Fc(t : ∀R.A)

Sp,T((t, p) : R),F(p : A)
Fc∀′
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Tw,F(FOOD→∃goesWith.(COLOR u ∃isColorOf.WINE))
F-concept

Tw,F(x : FOOD→∃goesWith.(COLOR u ∃isColorOf.WINE))
T-concept(T(Ax1)))

Tw, Z1 ≡ T(x : FOOD→∃goesWith.COLOR)
F(x : FOOD→∃goesWith.(COLOR u ∃isColorOf.WINE))

F→
Tw, Z1,T(x : FOOD),
W3 ≡ F(x : ∃goesWith.(COLOR u ∃isColorOf.WINE))

T→An(Z1)

Tw,T(x : FOOD), W3,

F(x : FOOD)

˛̨̨̨
˛ Tw,T(x : FOOD), W3,
T(x : ∃goesWith.COLOR)

T∃

X

˛̨̨̨
Tw,T(x : FOOD), W3,
T((x, p) : goesWith),T(p : COLOR)

F∃(W3)

X

˛̨̨̨
Tw,T(x : FOOD),T((x, p) : goesWith),T(p : COLOR),
F(p : COLOR u ∃isColorOf.WINE)

Fu

X

˛̨̨̨
˛̨ Tw,T(x : FOOD),
T((x, p) : goesWith),
T(p : COLOR),F(p : COLOR)

˛̨̨̨
˛̨ Tw,T(x : FOOD),
T((x, p) : goesWith),T(p : COLOR),
F(p : ∃isColorOf.WINE)

T-concept(T(Ax2))

X | X

˛̨̨̨
˛̨ Tw,T(x : FOOD),T((x, p) : goesWith),
T(p : COLOR),F(p : ∃isColorOf.WINE)
Z2 ≡ T(p : COLOR→∃isColorOf.WINE)

T→An(T(Z2))

X | X

˛̨̨̨
˛̨̨̨ Tw,T(x : FOOD),
T((x, p) : goesWith),T(p : COLOR),

F(p : ∃isColorOf.WINE),
F(p : COLOR)

˛̨̨̨
˛̨̨̨ Tw,T(x : FOOD),
T((x, p) : goesWith),T(p : COLOR),
F(p : ∃isColorOf.WINE),
T(p : ∃isColorOf.WINE)

Fig. 5.

However, it can be shown that this intuitionistic version of the rule would not
allow to get a closed proof table for the above Kuroda instance.

To conclude this section let us discuss the constructivity of the logic KALC.
First of all, we remark that the rule Ft of T can be replaced by the following
rules:

S,F(t : A tB)

S,F(t : A)
Ft1

S,F(t : A tB)

S,F(t : B)
Ft2

Namely, the calculus T ′ consisting of the rules of T , where the rule Ft is replaced
by the rules Ft1 and Ft2, is still sound and complete with respect to the
constructive consequence relation |=k . However, we have not included these rules
in T as they would increase the non-determinism in the proof search. Using
T ′, we can directly prove that KALC meets the disjunction property. Indeed, if
A t B ∈ KALC, by the completeness theorem, there exists a closed proof table
for F(A t B). By the rules of the calculus T ′, we deduce that such a proof has

11



F(∀R.¬¬A→¬¬∀R.A)
F-concept

F(p : ∀R.¬¬A→¬¬∀R.A)
F→

T(p : ∀R.¬¬A),F(p : ¬¬∀R.A)
F¬

T(p : ∀R.¬¬A),T(p : ¬∀R.A)
T¬

T(p : ∀R.¬¬A),Fc(p : ∀R.A)
Fc∀

T(p : ∀R.¬¬A),T((p, q) : R),Fc(q : A)
T∀

T((p, q) : R),Fc(q : A),T(q : ¬¬A)
T¬

T((p, q) : R),Fc(q : A),Fc(q : ¬A)
Fc¬

T((p, q) : R),Fc(q : A),T(q : A)

Fig. 6.

one of the following forms:

F(A tB)
F-concept

F(p : A tB)
Ft1

F(p : A)

Π1

F(A tB)
F-concept

F(p : A tB)
Ft2

F(p : B)

Π2

where Π1 and Π2 stand for closed proof tables. Now, let us suppose that the
first case holds. This means that we can build a closed proof table for F(A) as:

F(A)
F-concept

F(p : A)

Π1

Since we can build a similar closed proof table even in the second case, the
disjunction property holds.

Theorem 3 (Disjunction property). Let AtB ∈ L. If AtB ∈ KALC, then
either A ∈ KALC or B ∈ KALC. ut

5 Conclusions and future work

We have presented a constructive semantics for description logics inspired by
the Kripke semantics for Intuitionistic first order logic. KALC semantics differs
from the direct translation of the Kripke semantics for Intuitionistic first order
logic described in [5], since it restricts to Kripke models that force any instance
of the axiom schema Kur. This semantics has a close relationship with BCDL [6],

12



since the latter can be compared to the fragment of KALC without implication.
Moreover, it can be shown that Kur also holds in BCDL.

We have also introduced a tableau calculus that is sound and complete w.r.t.
KALC semantics. As for the future work, we plan to prove that this logic has the
finite model property, in order to use this calculus to give rise to an algorithm
for KALC decidability. Furthermore, we are interested in a closer examination
of KALC relationship with BCDL, in order to define a tableau calculus for this
logic.
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