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psMTL logic and extensions
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Outline

e psMTL logic
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Outline

e psMTL logic
@ Propositional calculus
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Syntax

@ The language:
e the primitive connectives: v, A, &, —, ~

o the constant: 0
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Syntax

@ The language:
e the primitive connectives: v, A, &, —, ~

o the constant: 0

@ For any formula ¢, we define the formula ¢° that:

@ reverses the arguments of &
e interchanges the implications — and ~~
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Syntax

@ The language:
e the primitive connectives: v, A, &, —, ~

o the constant: 0

@ For any formula ¢, we define the formula ¢° that:

@ reverses the arguments of &
e interchanges the implications — and ~~

@ (¢°)=v
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Syntax

The axioms of psMTL logic are:

I. any formula which has one of the following forms is an axiom:
(A1) W —=x)= (¢ =)= (¢ —=X))
(A2)  (p&¥) =
(A3) (pAY)— o
(Ad)  (pAY) = (Y AY)
(A5)  ((¢ = ¥)&p) = (v AY)
(A6a) (¢ = (¥ = X)) = ((p&1)) — X)
(ABb)  ((p&¥) = x) = (¢ = (¥ = X))
(A7) (g =) = x) = (v = ¢) = X) = X)
(A8a) (o V1) = (((p ~ ¥) = ) A(¥ ~ @) = )
(A8b)  (((p ~ ) = P) A (¥~ @) = ) = (¢ V)
(A9) 00—
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Syntax

The axioms of psMTL logic are:

I. any formula which has one of the following forms is an axiom:
(A1) W —=x)= (¢ =)= (¢ —=X))
(A2)  (p&¥) =
(A3) (pAY)— o
(Ad)  (pAY) = (Y AY)
(A5)  ((¢ = ¥)&p) = (v AY)
(A6a) (¢ = (¥ = X)) = ((p&1)) — X)
(ABb)  ((p&¥) = x) = (¢ = (¥ = X))
(A7) (g =) = x) = (v = ¢) = X) = X)
(A8a) (o V1) = (((p ~ ¥) = ) A(¥ ~ @) = )
(A8b)  (((p ~ ) = P) A (¥~ @) = ) = (¢ V)
(A9) 00—

Il. if ¢ is an axiom of the form (A1), (A2), (A5), (A6a), (A6b), (A7), (A8a) or (A8b),
then ¢* is an axiom.
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Syntax

The deduction rules of psMTL logic are:

( 1)71/) (mp”soww
MP P, P~ Imol p~
( 2)71& (mp2)w_>w
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ez el e s
Algebraic semantics

Definition
A psMTL-algebra is a structure of the form
= (A?\/7/\7®’_>7W7O’1)
satisfying the following conditions:
(RL1) (A, V,A,0,1) is a bounded lattice
(RL2) (A, ®, 1) is a monoid
(pPR) x 0y < ziff x < y — ziff y < x ~» Z (adjoindness property)
(pprel) (x = y)V (¥ = x) = (x ~ y) V (¥ ~ x) = 1 (prelinearity condition)
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ez el e s
Algebraic semantics

Definition
A psMTL-algebra is a structure of the form
= (A,\/7/\7®’_>7W70,1)
satisfying the following conditions:
(RL1) (A, V,A,0,1) is a bounded lattice
(RL2) (A, ®, 1) is a monoid
(pPR) x 0y < ziff x < y — ziff y < x ~» Z (adjoindness property)
(pprel) (x = y)V (¥ = x) = (x ~ y) V(¥ ~ x) = 1 (prelinearity condition)

Equivalent definitions for a psMTL-algebra:
@ aresiduated lattice (A, V, A, ®, —, ~, 0, 1) satisfying condition (pprel);
@ a bounded psBCK(pPR)-lattice (A, V, A, —,~, ®,0, 1) satisfying condition
(pprel).
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ez el e s
Algebraic semantics

Definition
A psMTL-algebra is a structure of the form
= (A,\/7/\7®’_>7W70,1)
satisfying the following conditions:
(RL1) (A, V,A,0,1) is a bounded lattice
(RL2) (A, ®, 1) is a monoid
(pPR) x 0y < ziff x < y — ziff y < x ~» Z (adjoindness property)
(pprel) (x = y)V (¥ = x) = (x ~ y) V(¥ ~ x) = 1 (prelinearity condition)

Equivalent definitions for a psMTL-algebra:
@ aresiduated lattice (A, V, A, ®, —, ~, 0, 1) satisfying condition (pprel);
@ a bounded psBCK(pPR)-lattice (A, V, A, —,~, ®,0, 1) satisfying condition
(pprel).

_ def  def
x Ex-0 xE xw0
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Propositional calculus
Pseudo-t-norms

@ A pseudo-t-norm ® is a binary operation on the real unit interval that is
associative, non-decreasing in both arguments and x @ 1 =1 ® x = x.
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Pseudo-t-norms
@ A pseudo-t-norm ® is a binary operation on the real unit interval that is
associative, non-decreasing in both arguments and x @ 1 =1 ® x = x.

@ If ® is a left-continuous pseudo-t-norm, then we define the left residuum and the
right residuum by:

a—b=sup{c|c®a<b}
a~»b=sup{c|a®c<b}
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Pseudo-t-norms
@ A pseudo-t-norm ® is a binary operation on the real unit interval that is
associative, non-decreasing in both arguments and x @ 1 =1 ® x = x.

@ If ® is a left-continuous pseudo-t-norm, then we define the left residuum and the
right residuum by:

a—b=sup{c|c®a<b}
a~»b=sup{c|a®c<b}

@ Any continuous pseudo-t-norm is commutative.
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Pseudo-t-norms
@ A pseudo-t-norm ® is a binary operation on the real unit interval that is
associative, non-decreasing in both arguments and x @ 1 =1 ® x = x.
@ If ® is a left-continuous pseudo-t-norm, then we define the left residuum and the

right residuum by:
a—b=sup{c|c®a<b}

a~»b=sup{c|a®c<b}
@ Any continuous pseudo-t-norm is commutative.
@ There are left-continuous non-commutative pseudo-t-norms.
Let0 < ay <a < by <tlandTqy2:[0,1] x [0,1] — [0, 1] be

B ay, ifa; < x<aanday <y < by
Ti2(x,y) = { min(x, y),  otherwise
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Propositional calculus
Pseudo-t-norms

@ A pseudo-t-norm ® is a binary operation on the real unit interval that is

associative, non-decreasing in both arguments and x @ 1 =1 ® x = x.

If ® is a left-continuous pseudo-t-norm, then we define the left residuum and the

right residuum by:
a—b=sup{c|c®a<b}

a~»b=sup{c|a®c<b}
Any continuous pseudo-t-norm is commutative.
There are left-continuous non-commutative pseudo-t-norms.
Let0 < ay <a < by <tlandTqy2:[0,1] x [0,1] — [0, 1] be

B ay, ifa; < x<aanday <y < by
Ti2(x,y) = { min(x, y),  otherwise

standard psMTL-algebra
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e
psMTL' logic

@ The variety of psMTL-algebras does not have subdirect representation property.
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a5z Jael c2lels
e
psMTL' logic

@ The variety of psMTL-algebras does not have subdirect representation property.

@ Representable psMTL-algebras (psMTL"-algebras) are obtained by adding
Kihr's axioms:

(R1) (y = x)V(z~((x=y)©2)) =1
(R2) (y »x)V(z—= (20 (x~y))) =1

D. Diaconescu (University of Bucharest) Schematic Extensions of psMTL Logic ManyVal'12 12/41



a5z Jael c2lels
e
psMTL' logic

@ The variety of psMTL-algebras does not have subdirect representation property.

@ Representable psMTL-algebras (psMTL"-algebras) are obtained by adding
Kihr's axioms:

(R1) (y = x)V(z~((x=y)©2)) =1
(R2) (y »x)V(z—= (20 (x~y))) =1

@ The logic psMTL' is the extension of psMTL by the axioms:
(A10) (¢ = ¥)V(x ~ (v = 9)&x))
(A10%) (e~ )V (x = (X&(¥ ~ ¢)))
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Completeness results

@ strong completeness for psMTL logic - P. Hajek
@ strong chain completeness for psMTL" logic - P. Hajek
@ standard completeness for psMTL' logic - S. Jenei, F. Montagna

@ finite strong standard completeness for psMTL" logic

D. Diaconescu (University of Bucharest) Schematic Extensions of psMTL Logic ManyVal'12 13/41



Outline

e psMTL logic

@ Predicate calculus
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Syntax

@ Predicate language: J = (Pred,, Consty)
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Syntax

@ Predicate language: J = (Pred,, Consty)

@ The axioms of psMTLY logic are:

I. the axioms of the propositional calculus psMTL;
II. a formula which has one of the following forms is an axiom:

(V1) (VX)p(x) = o(t)  (tis substitutable for x in p(x))
(31)  «(t) = (3Fx)e(x) (t is substitutable for x in ©(x))
(vV2) (VX)(p = ¢) = (¢ — (VX)¥)  (x notfree in ¢)
(32) (VX)(p = ¥) = ((BX)p — V) (x not free in v)

. if ¢ is an axiom of the form (V2) or (32), then ¢* is an axiom.
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Syntax

@ Predicate language: J = (Pred,, Consty)

@ The axioms of psMTLY logic are:

I. the axioms of the propositional calculus psMTL;
II. a formula which has one of the following forms is an axiom:

(V1) (VX)p(x) = o(t)  (tis substitutable for x in p(x))
(31)  «(t) = (3Fx)e(x) (t is substitutable for x in ©(x))
(vV2) (VX)(p = ¢) = (¢ — (VX)¥)  (x notfree in ¢)
(32) (VX)(p = ¥) = ((BX)p — V) (x not free in v)

. if ¢ is an axiom of the form (V2) or (32), then ¢* is an axiom.
@ The deduction rules of psMTLY are those of psMTL and the rule:

2
@ e
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Syntax

@ Predicate language: J = (Pred,, Consty)

@ The axioms of psMTLY logic are:

I. the axioms of the propositional calculus psMTL;
II. a formula which has one of the following forms is an axiom:

(V1) (VX)p(x) = o(t)  (tis substitutable for x in p(x))
(31)  «(t) = (3Fx)e(x) (t is substitutable for x in ©(x))
(vV2) (VX)(p = ¢) = (¢ — (VX)¥)  (x notfree in ¢)
(32) (VX)(p = ¥) = ((BX)p — V) (x not free in v)

. if ¢ is an axiom of the form (V2) or (32), then ¢* is an axiom.
@ The deduction rules of psMTLY are those of psMTL and the rule:

2
@ e

@ The logic psMTL'V has the axioms of psMTL' logic, the above axioms and:

(vV3) (Vx)(p V) = ((VX)p V)  (x notfreein )
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Completeness results

@ strong completeness for psMTLY - P. Hajek, J. Sevéik

@ strong chain completeness for psMTL'Y - P. Hajek, J. Sevéik
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Outline

© psSMTL logic

D. Diaconescu (University of Bucharest) Schematic Extensions of psMTL Logic ManyVal'12 17/ 41



Syntax

@ The logic psSMTL is the extension psMTL logic by the non-commutative
counterpart of the pseudo-complementation axiom:

(psM2)  @A—p—0
(ps2®) @ A~p~0
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Syntax

@ The logic psSMTL is the extension psMTL logic by the non-commutative
counterpart of the pseudo-complementation axiom:

(psM2)  @A—p—0
(psM2®) ¢ A~p~0
@ The logic psWMTL is the extension of psMTL logic with the non-commutative
counterpart of the weak contraction axiom:

(WCon) (¢ = —¢) = —¢
(WCon®)  (p v ) > ~ .
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Syntax

@ The logic psSMTL is the extension psMTL logic by the non-commutative
counterpart of the pseudo-complementation axiom:
(psM2)  @A—p—0
(ps2®) @ A~p~0

@ The logic psWMTL is the extension of psMTL logic with the non-commutative
counterpart of the weak contraction axiom:

(WCon) (¢ = —¢p) = —p
(WCon®) (@~ ) ~ ~ .

Theorem
The logics psSMTL and psWMTL are equivalent. J
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Syntax

@ The logic psSMTL is the extension psMTL logic by the non-commutative
counterpart of the pseudo-complementation axiom:

(psM2)  ©A—p — 67
(psM2®) ¢ A~p~0
@ The logic psWMTL is the extension of psMTL logic with the non-commutative
counterpart of the weak contraction axiom:

(WCon) (¢ — =) — ¢
(WCon®) (¢ ~r~ ) » ~ .

Theorem
The logics psSMTL and psWMTL are equivalent.

@ psSMTL' logic, psSMTLY logic and psSMTL'Y logic
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Algebraic semantics

Definition
A psMTL-algebra A is called strict (or psSMTL-algebra, for short) if it satisfies:

S)(xoy) =x vy and(xOy)” =x"Vy~.
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Algebraic semantics

Definition
A psMTL-algebra A is called strict (or psSMTL-algebra, for short) if it satisfies:

S)(xoy) =x vy and(xOy)” =x"Vy~.

Theorem

Let A be a psMTL-chain. The following are equivalent:
(1) Ais a psSMTL-algebra.
(2) A satisfies the condition: x ® y =0 iffx=0o0ry = 0.
(3) The negations of A are G6del negations, i.e.

[ 1 ifx=0
- ~ 1 0, otherwise °
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Algebraic semantics

@ psSMTL -algebra
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Algebraic semantics

@ psSMTL -algebra

@ strict pseudo-t-norm, i.e. whose corresponding negations are Gédel negations
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Algebraic semantics

@ psSMTL -algebra
@ strict pseudo-t-norm, i.e. whose corresponding negations are Gédel negations
Let0 < ay <a < by <tlandTq2:[0,1] x [0,1] — [0, 1] be

[ ay, ifag < x < apanday <y < by
Ti,2(x,¥) = { min(x, y),  otherwise
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Algebraic semantics

@ psSMTL -algebra
@ strict pseudo-t-norm, i.e. whose corresponding negations are Gédel negations
Let0 < ay <a < by <tlandTq2:[0,1] x [0,1] — [0, 1] be

[ ay, ifag < x < apanday <y < by
Ti,2(x,¥) = { min(x, y),  otherwise

@ standard psSMTL-algebra
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Completeness results

@ strong completeness for psSMTL
@ strong chain completeness for psSMTL'
@ strong completeness for psSMTLY

@ strong chain completeness for psSSMTL'Y
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Completeness results

@ strong completeness for psSMTL

@ strong chain completeness for psSMTL'
@ strong completeness for psSMTLY

@ strong chain completeness for psSSMTL'Y

Theorem (Standard completeness for psSMTL')
The logic psSMTL" is complete with respect to standard psSMTL-algebras.
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Outline

@ psIMTL logic
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Syntax

@ The logic psIMTL is the extension of psMTL logic by the non-commutative
counterpart of the double negation axiom:

(psInv)  ~ = = ¢
(psInv®) =~ @~ .
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psIMTL logic

Syntax

@ The logic psIMTL is the extension of psMTL logic by the non-commutative
counterpart of the double negation axiom:

(pslnv)  ~—=p = ¢
(psInv®) =~ @~ .
Theorem

The non-commutative tukasiewicz logic is the extension of psIMTL logic by the
non-commutative counterpart of the divisibility axiom:

(psDiv) (A 9) = ((p = ¥)&p)
(psDiv®) (o A ) ~ (p&(p ~ 1))
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psIMTL logic

Syntax

@ The logic psIMTL is the extension of psMTL logic by the non-commutative
counterpart of the double negation axiom:

(pslnv)  ~—=p = ¢
(psInv®) =~ @~ .
Theorem

The non-commutative tukasiewicz logic is the extension of psIMTL logic by the
non-commutative counterpart of the divisibility axiom:

(psDiv) (A 9) = ((p = ¥)&p)
(psDiv®) (o A ) ~ (p&(p ~ 1))

@ psIMTL' logic, psIMTLY logic and psIMTL"Y logic
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psIMTL logic

Syntax

@ The logic psIMTL is the extension of psMTL logic by the non-commutative
counterpart of the double negation axiom:

(pslnv)  ~—=p = ¢
(psInv®) =~ @~ .
Theorem

The non-commutative tukasiewicz logic is the extension of psIMTL logic by the
non-commutative counterpart of the divisibility axiom:

(psDiv) (A 9) = ((p = ¥)&p)
(psDiv®) (o A ) ~ (p&(p ~ 1))

@ psIMTL' logic, psIMTLY logic and psIMTL"Y logic

@ Fpavry (3X)p <> (VX)) ~
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Syntax

@ The logic psIMTL is the extension of psMTL logic by the non-commutative
counterpart of the double negation axiom:

(pslnv)  ~—=p = ¢
(psInv®) =~ @~ .

Theorem

The non-commutative tukasiewicz logic is the extension of psIMTL logic by the
non-commutative counterpart of the divisibility axiom:

(psDiv) (A 9) = ((p = ¥)&p)
(psDiv®) (o A ) ~ (p&(p ~ 1))

@ psIMTL' logic, psIMTLY logic and psIMTL"Y logic
@ HpavmLy (3X)p > (VX)) ~
@ The axioms (31), (32) and (v3) are redundant for psIMTL"Y logic.

D. Diaconescu (University of Bucharest) Schematic Extensions of psMTL Logic ManyVal'12 23 /41



Algebraic semantics

Definition
A psIMTL-algebra A is a psMTL-algebra satisfying the condition:

(PDN) (x7)™ = (x7)" =
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Algebraic semantics

Definition
A psIMTL-algebra A is a psMTL-algebra satisfying the condition:

(PDN) (x7)™ = (x7)" =

Example
Let (G, V,A,+,—,0) be alinearly ordered /-group and let u € G, u < 0.
Define the non-commutative generalization of Fodor’s t-norm and Fodor’s implication:

L., u, fx+y<u
X y_{ XAY, tx+y>u

_ 0, itx <y _ 0, itx <y
X2V=0 w-x)vy, x>y @ X7YEU (—x+uyvy, x>y

The structure ([u, 0], V, A, L, =, ~, u, 0) is a psIMTL-algebra.
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Algebraic semantics

Definition
A psIMTL-algebra A is a psMTL-algebra satisfying the condition:

(PDN) (x7)™ = (x7)" =

Example

Let (G, V,A,+,—,0) be alinearly ordered /-group and let u € G, u < 0.
Define the non-commutative generalization of Fodor’s t-norm and Fodor’s implication:

L., u, fx+y<u
X y_{ XAY, tx+y>u

_ 0, itx <y _ 0, itx <y
X2V=0 w-x)vy, x>y @ X7YEU (—x+uyvy, x>y

The structure ([u, 0], V, A, L, =, ~, u, 0) is a psIMTL-algebra.

@ standard psIMTL-algebra
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Completeness results

@ strong completeness for psIMTL
@ strong chain completeness for psIMTL'
@ strong completeness for psIMTLY

@ strong chain completeness for psIMTL'Y
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Completeness results

@ strong completeness for psIMTL

@ strong chain completeness for psIMTL'
@ strong completeness for psIMTLY

@ strong chain completeness for psIMTL'Y

Theorem (Standard completeness for psIMTL')
The logic psIMTL" is complete with respect to standard psIMTL-algebras.
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© Kripke-style semantics
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For psMITL logic
Propositional case

@ A propositional pseudo-Kripke frame is a structure of the form
M = (M7§7®7O71)
1) (M, <,0,1) such that < is a linear order on M
2) (M,®,1)is a monoid
3) ©® is non-decreasing in both arguments
4) x© (Vi) Vi) =Vie(xoy)and (Vg ¥i) © x =V, (¥i © X).
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For psMITL logic
Propositional case

@ A propositional pseudo-Kripke frame is a structure of the form
M = (M7§7®7O71)
1) (M, <,0,1) such that < is a linear order on M
2) (M,®,1)is a monoid
3) ©® is non-decreasing in both arguments
4) x© (Vi) Vi) =Vie(xoy)and (Vg ¥i) © x =V, (¥i © X).

@ A propositional pseudo-Kripke frame is called residuated if there exist

yoz%max{x|xoy<zlandx ~zZmax{y|xoy < z}.
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For psMITL logic
Propositional case

@ A propositional pseudo-Kripke frame is a structure of the form
M = (M7§7®7071)

1) (M, <,0,1) such that < is a linear order on M
2) (M,®,1)is a monoid

3) ©® is non-decreasing in both arguments

4) xO (Vig Vi) = Vigx©yi)and (Vg yi) © x = Vg (yi © X).

@ A propositional pseudo-Kripke frame is called residuated if there exist

yoz%max{x|xoy<zlandx ~zZmax{y|xoy < z}.

@ A propositional pseudo-Kripke frame is called complete if < is a complete order.
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For psMITL logic
Propositional case

@ A forcing relation on a propositional pseudo-Kripke frame M is a binary relation
- € M x Var such that

(@) ifalF pand b < a,thenb |} p
(o) Off-p
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N LG Rl For psMTL logio
Propositional case

@ A forcing relation on a propositional pseudo-Kripke frame M is a binary relation
|- C M x Var such that
(@) ifalF pand b < a,thenb |} p
() Off-p

@ A forcing relation |- on a propositional pseudo-Kripke frame M can be uniquely
extended to a relation [ C M x Formyemre by the following:

(1) alF0iffa=0

(@ al pAviffal-pandall

(8) all- pVvyiffeitherall- poral-y

(4) al- p& iff there are b,csuchthatb |- ¢, c |- v anda<boc

(5) all ¢ —wiffforall b,if b | p,thena® b | ¢

(6) all ¢~ yiffforall b,if b || p,thenb® al ¢

If a | ¢, we say that a forces ¢.
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Kripke-style se

Propositional case

ics For psMTL logic

@ A forcing relation |- on a propositional pseudo-Kripke frame M is called
r-forcing relation if the set {x € M | x |- p} has a maximum.
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For psMITL logic
Propositional case

@ A forcing relation |- on a propositional pseudo-Kripke frame M is called
r-forcing relation if the set {x € M | x |- p} has a maximum.

@ A propositional pseudo-Kripke model is a pair (M, | ), where M is a
propositional pseudo-Kripke frame and |- is a forcing relation on M.

@ A propositional pseudo-Kripke model is called residuated if M is residuated and
|- is an r-forcing relation on M.

@ A propositional pseudo-Kripke model is called complete if M is complete and ||
is an r-forcing relation on M.
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For psMITL logic
Propositional case

@ A forcing relation |- on a propositional pseudo-Kripke frame M is called
r-forcing relation if the set {x € M | x |- p} has a maximum.

@ A propositional pseudo-Kripke model is a pair (M, | ), where M is a
propositional pseudo-Kripke frame and |- is a forcing relation on M.

@ A propositional pseudo-Kripke model is called residuated if M is residuated and
|- is an r-forcing relation on M.

@ A propositional pseudo-Kripke model is called complete if M is complete and ||
is an r-forcing relation on M.

@ We say that a formula ¢ of psMTL logic is valid in a propositional pseudo-Kripke
model (M, || )if 1 | .
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For psMITL logic
Propositional case

@ A forcing relation |- on a propositional pseudo-Kripke frame M is called
r-forcing relation if the set {x € M | x |- p} has a maximum.

@ A propositional pseudo-Kripke model is a pair (M, | ), where M is a
propositional pseudo-Kripke frame and |- is a forcing relation on M.

@ A propositional pseudo-Kripke model is called residuated if M is residuated and
|- is an r-forcing relation on M.

@ A propositional pseudo-Kripke model is called complete if M is complete and ||
is an r-forcing relation on M.

@ We say that a formula ¢ of psMTL logic is valid in a propositional pseudo-Kripke
model (M, || )if 1 | .

@ We have the same definitions for psMTL'" logic.
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ics For psMTL logic

Predicate case

@ A predicate pseudo-Kripke frame is a pair (M, U), where M is a complete
propositional pseudo-Kripke frame and U = (U, (Up)pepred, (Uc)cecont) iS a@n
M-structure for J.
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@ A predicate pseudo-Kripke frame is a pair (M, U), where M is a complete
propositional pseudo-Kripke frame and U = (U, (Up)pepred, (Uc)cecont) iS a@n
M-structure for J.

@ A forcing relation on a predicate pseudo-Kripke frame (M, ) is an r-forcing

relation |- between M and the closed atomic formulas of psMTLY logic, defined
as above.
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For psMTL logic
Predicate case

@ A predicate pseudo-Kripke frame is a pair (M, U), where M is a complete
propositional pseudo-Kripke frame and U = (U, (Up)pepred; (Uc)cecon) IS @n
M-structure for J.

@ A forcing relation on a predicate pseudo-Kripke frame (M, ) is an r-forcing
relation |- between M and the closed atomic formulas of psMTLY logic, defined
as above.

@ A forcing relation |- on a predicate pseudo-Kripke frame (M, /) can be uniquely
extended to a relation between M and the formulas Formpavriy of psMTLY logic
by means of the above clauses and by the following clauses for quantifiers:

(7) alF (vX)p(x)iffforall u e U, a | ¢(u),
(8) al (3x)e(x) iff forall b < a, there are ¢ > band u € U such that ¢ ||
e(u).
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M-structure for J.
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relation |- between M and the closed atomic formulas of psMTLY logic, defined
as above.

@ A forcing relation |- on a predicate pseudo-Kripke frame (M, /) can be uniquely
extended to a relation between M and the formulas Formpavriy of psMTLY logic
by means of the above clauses and by the following clauses for quantifiers:

(7) alF (vX)p(x)iffforall u e U, a | ¢(u),
(8) al (3x)e(x) iff forall b < a, there are ¢ > band u € U such that ¢ ||
e(u).

@ A predicate pseudo-Kripke model is a triple (M, U, || ), where (M,U) is a
predicate pseudo-Kripke frame and |- is a forcing relation on (M, U).

D. Diaconescu (University of Bucharest) Schematic Extensions of psMTL Logic ManyVal'12 31/41



For psMTL logic
Predicate case

@ A predicate pseudo-Kripke frame is a pair (M, U), where M is a complete
propositional pseudo-Kripke frame and U = (U, (Up)pepred; (Uc)cecon) IS @n
M-structure for J.

@ A forcing relation on a predicate pseudo-Kripke frame (M, ) is an r-forcing
relation |- between M and the closed atomic formulas of psMTLY logic, defined
as above.

@ A forcing relation |- on a predicate pseudo-Kripke frame (M, /) can be uniquely
extended to a relation between M and the formulas Formpavriy of psMTLY logic
by means of the above clauses and by the following clauses for quantifiers:

(7) alF (vX)p(x)iffforall u e U, a | ¢(u),
(8) al (3x)e(x) iff forall b < a, there are ¢ > band u € U such that ¢ ||
p(u).

@ A predicate pseudo-Kripke model is a triple (M, U, || ), where (M,U) is a
predicate pseudo-Kripke frame and |- is a forcing relation on (M, U).

@ We have the same definitions for psMTL'V logic.
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For psMITL logic
Kripke and standard completeness

@ The logic psMTL' is complete with respect to propositional pseudo-Kripke
models.

@ The logic psMTL'Y is complete with respect to predicate pseudo-Kripke models.
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For psMITL logic
Kripke and standard completeness

@ The logic psMTL' is complete with respect to propositional pseudo-Kripke
models.

@ The logic psMTL'Y is complete with respect to predicate pseudo-Kripke models.

Theorem (Standard completeness for psMTL"V)
Let p be a closed formula of psMTL'Y logic. The following are equivalent:
(1) Fpsmriry @;
(2) o is valid in every predicate pseudo-Kripke model of the form
(([07 1]7 §7 ;127 07 1)7“7 H_ )7

where % is a left-continuous pseudo-t-norm, U is any structure on the standard
psMTL-algebra induced by % and ||- is any forcing relation.

(3) ¢ is a tautology with respect to any standard psMTL-algebra.
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Outline

© Kripke-style semantics

@ For psSMTL logic
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Kripke-style semantics For psSMTL logic

@ We introduce the following property of a propositional pseudo-Kripke frame
M - (M7§7®7071):

(nn)forallx >0, x®x >0
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Kripke-style semantics For psSMTL logic

@ We introduce the following property of a propositional pseudo-Kripke frame
M - (M7§7®7071):

(nn)forallx >0, x®x >0

Theorem

(psM2) and (psN2°*) are valid in every propositional pseudo-Kripke model (M, |\ ) iff
M satisfies condition (nn).
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M - (M7§7®7071):

(nn)forallx >0, x®x >0

Theorem

(psM2) and (psN2°*) are valid in every propositional pseudo-Kripke model (M, |\ ) iff
M satisfies condition (nn).

@ A propositional psSMTL-frame is just a propositional pseudo-Kripke frame that
satisfies (nn).

@ A propositional psSMTL-model is a pair (M, |I- ), where M is a propositional
psSMTL-frame and || is a forcing relation on M.
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@ A propositional psSMTL-frame is just a propositional pseudo-Kripke frame that
satisfies (nn).

@ A propositional psSMTL-model is a pair (M, |I- ), where M is a propositional
psSMTL-frame and || is a forcing relation on M.

@ A predicate psSMTL-frame is just a predicate pseudo-Kripke frame that satisfies
(nn).

@ A predicate psSMTL-model is a triple (M, U, || ), where (M, Uf) is a predicate
psSMTL-frame and |- is a forcing relation on (M, U).
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Kripke-style semantics For psSMTL logic

@ We introduce the following property of a propositional pseudo-Kripke frame
M - (M7§7®7071):

(nn)forallx >0, x®x >0

Theorem

(psM2) and (psN2°*) are valid in every propositional pseudo-Kripke model (M, |\ ) iff
M satisfies condition (nn).

@ A propositional psSMTL-frame is just a propositional pseudo-Kripke frame that
satisfies (nn).

@ A propositional psSMTL-model is a pair (M, |I- ), where M is a propositional
psSMTL-frame and || is a forcing relation on M.

@ A predicate psSMTL-frame is just a predicate pseudo-Kripke frame that satisfies
(nn).

@ A predicate psSMTL-model is a triple (M, U, || ), where (M, Uf) is a predicate
psSMTL-frame and |- is a forcing relation on (M, U).

@ We have the same definitions for psSMTL' logic psSMTL'Y logic.
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ics For psSMTL logic

@ The logic psSMTL' is complete with respect to propositional psSMTL-models.

@ The logic psSMTL'Y is complete with respect to predicate psSMTL-models.
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Kripke-style semantics For psSMTL logic

@ The logic psSMTL' is complete with respect to propositional psSMTL-models.

@ The logic psSMTL'Y is complete with respect to predicate psSMTL-models.

Theorem (Standard completeness for psSMTL'Y)
Let  be a closed formula of psSMTL'V logic. The following are equivalent:
(1) Fpssmriry @5
(2) ¢ is valid in every predicate psSMTL-model of the form
(([07 1]7 S? >II:7 07 1)’2/{’ H_ )7

where % is a left-continuous strict pseudo-t-norm, U is any structure on the
standard psSMTL-algebra induced by % and ||- is any forcing relation.

(3)  is a tautology with respect to any standard psSMTL-algebra.
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© Kripke-style semantics
@ For psIMTL logic
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@ We introduce the following property of a propositional pseudo-Kripke frame
M = (M7§?®7071)
(inv1) for all x,y € M, if x < y, then there is z € M such that z® x = 0 and
zOyYy#0
(inv2) for all x,y € M, if x < y, then there is z € M such that x ® z =0 and
yoz#0
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@ We introduce the following property of a propositional pseudo-Kripke frame
M = (M7§?®7071)
(inv1) for all x,y € M, if x < y, then there is z € M such that z® x = 0 and
zOyYy#0
(inv2) for all x,y € M, if x < y, then there is z € M such that x ® z =0 and
yoz#0

Theorem

(pslnv) and (psinv®) are valid in every residuated propositional pseudo-Kripke model
(M, |} ) iff M satisfies conditions (inv1) and (inv2).
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@ We introduce the following property of a propositional pseudo-Kripke frame
M = (M7§?®?0?1)
(inv1) for all x,y € M, if x < y, then there is z € M such that z® x = 0 and
zOy#0
(inv2) for all x,y € M, if x < y, then there is z € M such that x ® z =0 and
yoz#0

Theorem

(pslnv) and (psinv®) are valid in every residuated propositional pseudo-Kripke model
(M, |} ) iff M satisfies conditions (inv1) and (inv2).

@ A propositional psIMTL-frame is just a propositional pseudo-Kripke frame that
satisfies (inv1) and (inv2).

@ A propositional psIMTL-model is a pair (M, | ), where M is a propositional
psIMTL-frame and || is a forcing relation on M.
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@ We introduce the following property of a propositional pseudo-Kripke frame
M = (M7§?®?0?1)
(inv1) for all x,y € M, if x < y, then there is z € M such that z® x = 0 and
zOy#0
(inv2) for all x,y € M, if x < y, then there is z € M such that x ® z =0 and
yoz#0

Theorem

(pslnv) and (psinv®) are valid in every residuated propositional pseudo-Kripke model
(M, |} ) iff M satisfies conditions (inv1) and (inv2).

@ A propositional psIMTL-frame is just a propositional pseudo-Kripke frame that
satisfies (inv1) and (inv2).

@ A propositional psIMTL-model is a pair (M, | ), where M is a propositional
psIMTL-frame and || is a forcing relation on M.

@ A predicate psIMTL-frame is just a predicate pseudo-Kripke frame that satisfies
(inv1) and (inv2).

@ A predicate psIMTL-model is a triple (M, U, | ), where (M, U) is a predicate
psIMTL-frame and |- is a forcing relation on (M, U).
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Kripke-style semantics For psIMTL logic

@ The logic psIMTL' is complete with respect to propositional psSMTL-models.

@ The logic psIMTL'Y is complete with respect to predicate psSMTL-models.
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Kripke-style semantics For psIMTL logic

@ The logic psIMTL' is complete with respect to propositional psSMTL-models.

@ The logic psIMTL'Y is complete with respect to predicate psSMTL-models.

Theorem (Standard completeness for psIMTL"Y)
Let ¢ be a closed formula of psIMTL"Y logic. The following are equivalent:

(1) Fpsmiry @5
(2) ¢ is valid in every predicate psIMTL-model of the form
(([O, 1], S> >IX:7 07 1)7“7 H_ )7

where % is a left-continuous pseudo-t-norm whose corresponding negations
satisfy condition (PDN), U is any structure on the standard psIMTL-algebra
induced by % and |- is any forcing relation.

(8) ¢ is a tautology with respect to any standard psIMTL-algebra.
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For psIMTL logic
Further research

psMTL-alg.

psSMTL-alg. psBL-alg. psIMTL-alg.
(@)
(PDN) ®)
Godel alg.
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For psIMTL logic
Further research

psMTL-alg.

psSMTL-alg. psBL-alg. psIMTL-alg.
(@)
(PDN) ®)
Godel alg.

pSSMTL logic + (psknv) + (psInv®) = Godel logic
psIMTL logic + (psf2) + (psM2°) < Godel logic
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For psIMTL logic
Further research

psMTL-alg. psMTL

psSMTL-alg. psBL-alg. psIMTL-alg. psSMTL psBL psIMTL
@ ~ G -
(PDN) ® (psinv)™ @ 7
(pstnve)™> 7 psn2)
Godel alg. Godel

pSSMTL logic + (psknv) + (psInv®) = Godel logic
psIMTL logic + (psf2) + (psM2°) < Godel logic
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Kripke-style semantics For psIMTL logic

Thank you for your attention!
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